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ABSTRACT 

The quest ion of s teady s ta te  populations produced by a balance 

of  heavy-part ic le  c o l l i s i o n a l  i on iza t ion  aga ins t  i ts  inverse  i s  

considered. A hybrid-Saha approximation is  derived which is useful  

i n  es t imat ing  the  populations of exc i ted  s t a t e s  with high quantum 

numbers expected i n  plasmas recombining a t  high n e u t r a l  pressures  with 

an e l ec t ron  temperatures i n  excess of t h e  heavy-part ic le  temperature.  
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INTRODUCTION 

Recently Bates and Khare" discussed a type of e lectron-ion 

recombination which could occur i n  high pressure  plasmas i n  which 

t h e  primary capture  occurs according t o  t h e  scheme 

x + + ~ + x  -+ X ( ; ) + X ,  

?$ 
where X (p) denotes the  pth exc i t ed  state of t h e  X atom. 

is  considered t o  be s t a b i l i z e d  by subsequent s u p e r e l a s t i c  c o l l i s i o n s  

with heavy p a r t i c l e s  

The recombination 

as w e l l  as by spontaneous r ad ia t ion .  Subsequently Coll ins2 suggested 

t h a t  such processes  might be considerably more important i n  laboratory 

plasmas i n  t h e  Torr pressure  range than had been previously suspected. 

Further  it w a s  suggested t h a t  cont r ibu t ions  t o  the  Xfc population from 

such a process could conceivably explain t h e  se r ious  discrepancies  

between t h e  in t ens i ty \  of r a d i a t i o n  from the  Xfc population observed i n  

certain experiments and t h a t  pred ic ted  by the  otherwise successfu l  

theory of  c o l l i s i o n a l - r a d i a t i v e  recombination. * Although the  method 

used by Bates and Khare t o  c a l c u l a t e  t h e  recombination rates n e i t h e r  
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depended on nor  y ie lded  exc i ted  state populations one can immediately 

i n f e r  t h a t  i n  t h e  l i m i t  of  high quantum numbers the  exc i ted  state 

populations would be given by t h e  Saha equation 

where : Nn, N+, and N are t h e  populations of t h e  nth bound l e v e l ,  ion,  

and f r e e  e l ec t rons ,  r e spec t ive ly ,  gn, g , and ge are t h e  degeneracies 

e 
f 

of t h e  nth bound l e v e l ,  ion,  and free e l ec t ron ,  respec t ive ly ,  Un i s  the  

ion iza t ion  p o t e n t i a l  of t h e  nth bound l e v e l ,  T i s  t h e  heavy p a r t i c l e  
g 

temperature, m i s  t h e  e l ec t ron  mass and o ther  symbols have conventional 

meanings. 

However, i n  many cases of poss ib l e  i n t e r e s t  such as ea r ly  af terglows 

or a c t i v e  discharges the  experimental  plasma is non-thermalized, t h e  

e l ec t rons  possessing a somewhat h igher  temperature than t h a t  of  t h e  

heavy p a r t i c l e s .  This paper concerns the  ca l cu la t ion  of the  exc i ted  

s ta te  populat ions f o r  recombination of t h e  Bates-Khare type i n  t h e  

l i m i t i n g  case of a balance between col l is ion-induced ion iza t ion  and 

recombination i . e .  

bu t  without t h e  r e s t r i c t i o n  t h a t  t h e  e l ec t ron  temperature equal  the  

gas temperature. 

approximation t o  exc i t ed  state population i n  high pressure  recombining 

Such a l i m i t i n g  case should provide an accurate 
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plasmas f o r  s u f f i c i e n t l y  high quantum numbers. 

MATHEMATICAL METHOD 

I n  the  course of t he  ca l cu la t ions  only recombination and ion iza t ion  

corresponding t o  (1) and i t s  inverse  were considered. 

r e f e r r i n g  t o  Figure 1 f o r  i d e n t i f i c a t i o n  of t h e  energies  involved, t h e  

ion iza t ion  rate from t h e  nth bound l e v e l  o f  X* t o  t he  d i f f e r e n t i a l  l e v e l  

loca ted  i n  t h e  continuum between E and E + dE can be wr i t t en  

In t h i s  case, 

where N 

r e l a t i v e  ve loc i ty  between X and Xfc, CJ 

u n i t  energy for t r a n s f e r  of energy between A and A+dE t o  Xft from an X 

atom having k i n e t i c  energy of e/2 r e l a t i v e  t o  t h e  cen te r  of  mass of  Xfc 

and X ,  and dN(e) represents  t h e  d i s t r i b u t i o n  function f o r  X as a 

represents  t h e  population of t h e  nth bound l e v e l ,  V n re1 t h e  

(Aye)  the  c ross  sec t ion  pe r  ex 

function of  e. S imi la r ly  t h e  recombination 

state between E and E+dE i n t o  t h e  nth bound 

r a t e  from the  d i f f e r e n t i a l  

s t a t e  of Xfc can be wr i t t en  

where now (ss(A3e) i s  the  cross sec t ion  f o r  the  t r a n s f e r  of energy A from 

t h e  (X + e )  d i f f e r e n t i a l  s ta te  t o  an X atom having k i n e t i c  energy of 

e /2  r e l a t i v e  t o  t h e  cen te r  of  mass of X and X ,  V 

+ 
+ i s  the  appropriate  re 1 
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r e l a t i v e  ve loc i ty ,  and - dN(E) dE toge ther  r ep resen t s  t he  population of 

t he  d i f f e r e n t i a l  s tate,  N(E) being e s s e n t i a l l y  the  d i s t r i b u t i o n  funct ion 

of f r e e  e lec t rons .  

dE 

In t h e  absence of  t h e  r e s t r i c t i o n  of equa l i ty  of  gas and e lec t ron  

temperatures w e  cannot r equ i r e  

dRi = d s  

f o r  t h i s  would imply equilibrum among t h e  f ree- f ree  t r a n s i t i o n s  a t  a 

temperature c h a r i s t e r i s t i c  of  t h e  heavy p a r t i c l e  temperature. The 

weaker requirement 

( 7 )  

E=O E=O 

is  s u f f i c i e n t  t o  produce a s teady s t a t e  balance between ioniza t ion  from 

and recombination i n t o  t o  nth bound l e v e l .  Before s u b s t i t u t i n g  ( 5 )  and 

( 6 )  i n t o  ( 8 )  it is  expedient t o  eva lua te  s e v e r a l  of t he  terms i n  ( 6 ) .  

In p a r t i c u l a r  t h e  p r i n c i p l e  of d e t a i l e d  balancing 

5 t o  cs as follows: 

4. serves  t o  r e l a t e  

S ex 

where g 

t h e  s ta t is t ical  weight of  t h e  "continuum leve l "  between E and E i dE. 

is  the  s ta t i s t ica l  weight of t h e  nth bound l e v e l  and dg(E) n 
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5.6. This r a t i o  is found from elementary quantum mechanics t o  be 

+ + where N+ is  the  X ion concentrat ion,  gn, g , ge are t h e  s ta t is t ical  

+ weights of t h e  nth bound state,  X 

constants  have conventional meanings. 

be approximately described by t h e  Maxwell-Boltzmann d i s t r i b u t i o n  

c h a r a c t e r i s t i c  of a higher  e lec t ron  temperature, Te, gives:  

ion,  and t h e  f r e e  e lec t ron ,  and o the r  

Assuming t h e  f r e e  e lec t rons  t o  

-1/2 -E/KTe R dN(E)  - 2 E -- 
dE IT Ne (KTel3I2 

Combining eq  (91, (10) and ( 6 )  and s u b s t i t u t i n g  together  w i t h  (5 )  

i n t o  ( 8 )  gives:  

Making t h e  subs t i t u t ion  on t h e  r i g h t  
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e + A = E ,  (13) 

and f u r t h e r  s u b s t i t u t i n g  a Maxwellian form f o r  t h e  d i s t r i b u t i o n  

funct ion of t h e  X atoms gives  with a lgeb ra i c  manipulation an impl i c i t  

equation f o r  t he  populat ions N as follows: n 

where a l l  terms are as previously i d e n t i f i e d  and T represents  the  

heavy p a r t i c l e  temperature. 
g 

If a population decrement fn is defined by t h e  r e l a t i o n  

U /KT 
h2 3/2 n g 

fn 3 
1 %  N = N N e -  + gn 

n + (2nmKTe 
g 'e 

then (14) can be 

c ross  sec t ions  u 

s impl i f ied  t o  give f 

as follows: 

i n  terms of t h e  exc i t a t ion  n 

(15) 

-I 
M 1 

f =  n 
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where 

1 1 
KT a = (-- - 

e l3 
(17) 

and K(UnyA> i s  the  rate coe f f i c i en t  per u n i t  energy f o r  t h e  ion iza t ion  

of t h e  nth l e v e l  with the  emission of an e lec t ron  of  energy between 

E and E + dE, 2.e. 
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RESULTS 

TO so lve  f o r  f exac t ly  r equ i r e s  d e t a i l e d  knowledge, which is n 

genera l ly  unavailable,of t h e  ion iza t ion  r a t e  c o e f f i c i e n t  as a funct ion 

of t h e  e j e c t e d  e l ec t ron  energy’ f o r  t h e  inverse  of t h e  process described 

i n  eq. (1). C l a s s i c a l l y ,  however, one would expect t h e  d i f f i c u l t y  of  

t r a n s f e r r i n g  l a r g e  amounts of  heavy p a r t i c l e  energy, e, t o  t h e  e j ec t ed  

e l ec t ron  would r equ i r e  K(U , A >  t o  be a r ap id ly  decreasing funct ion of  E .  

Further  s ince  K(U , A )  is not  a funct ion of Te, f o r  a p a r t i c u l a r  quantum n 

l e v e l ,  n ,  an e l ec t ron  temperature,  

always be found such t h a t  R 

K(U , A )  cont r ibu tes  s i g n i f i c a n t l y  t o  t h e  i n t e g r a l s  i n  (16). Consequently 

for t h i s  p a r t i c u l a r  n and e l ec t ron  temperature less than T f i s  

approximately un i ty  and t h e  exc i t ed  s ta te  population is  given by eq. (15)  

with fn = 1. 

n 

s u f f i c i e n t l y  c lose  t o  T can 
Tmax9 g 

= 1 over the  range of  E f o r  which 

n 

max’ n 

The quest ion now remains as t o  whether or no t  T is  s u f f i c i e n t l y  max 

l a r g e r  than T 

used i n  t h e  descr ip t ion  of real  plasmas of i n t e r e s t .  

t o  permit t h e  s impl i f ied  form of ( 1 5 )  w i t h  f g n = 1 t o  be 

Figure 2 compares the  r e s u l t s  o f  s u b s t i t u t i n g  i n t o  eq. (15)  t h e  

= 1 with t h e  e x p l i c i t  ca l cu la t ions  of  f n n approximation f 

classical ion iza t ion  rate coe f f i c i en t s  K(U ,A), given by Bates and Khare 

using t h e  

n 

f o r  helium. In the  p a r t i c u l a r  case presented T = 300°K and t h e  e l ec t ron  
g 

temperature is 1200OK. 

even b e t t e r  agreement while h igher  e l ec t ron  temperatures gave agreement 

Lower e l ec t ron  temperatures were found t o  g ive  
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almost as good as would be expected from t h e  f a c t  t h a t  a t  a gas  

temperature of 300°K, 01 v a r i e s  from zero t o  38.7 ev as T va r i e s  

from 300°K t o  i n f i n i t y ,  whereas t h e  example presented f o r  T e  = 1200OK 

corresponds t o  an 01 of 29 .0  ev . Higher values  of gas temperature 

were examined up t o  T = l O O O O K  and agreement w a s  found t o  improve 

with increas ing  T i n  a l l  cases i n  which T > T . 

-1 
e 

-1 

g 

g e g  

CONCLUSIONS 

Although l i t t l e  experimental  evidence is  ava i l ab le  on 

d e t a i l e d  form of t h e  ion iza t ion  r a t e  c o e f f i c i e n t ,  K ( U i , A ) ,  

t he  

as a funct ion 

of  t he  e j ec t ed  e l ec t ron  energy, E;  under the  not  p a r t i c u l a r l y  r e s t r i c t i v e  

condi t ions discussed above it appears t h a t  t he  hybrid-Saha equation 

i s  an approximation, s u f f i c i e n t l y  accurate f o r  most purposes, of t h e  

exc i t ed  s t a t e  populations produced by an equi l ibr ium between process 

(1) and i t s  inverse  under condi t ions i n  which the  e l ec t ron  temperature 

is g r e a t e r  than the  gas temperature. 
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CAPTIONS 

Figure 1: Schematic representa t ion  of t h e  va r i ab le s  A ,  Un,  E ,  and 

dE appearing i n  t e x t .  

A graph of r a t i o n a l i z e d  population p e r  s t a t e  of exc i ted  

helium l e v e l s  as a funct ion of p r i n c i p a l  quantum number 

and ion iza t ion  energy. 

obtained from t h e  hybrid-Saha approximation, eq. (19). 

Poin ts  represent  values  obtained from eq ( 1 5 )  showing the  

r e s u l t s  of including t h e  e x p l i c i t  value of fn .  

T 

Figure 2:  

The s o l i d  curve represents  values 

= 300°K, Te = 120O0K 
g 
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